A generalized representation of the electromagnetic (EM) fields due to an arbitrary source in a layered earth is developed in terms of toroidal and poloidal modes. This modal potential representation is examined in detail and it is shown that EM Green's functions for stratified earth can always be factored into 'geometrical' operators and 'electrical' kernels. The electrical kernels represent the physical expansion of the EM field in the layered earth and are independent of the survey geometry. Conversely, the geometrical operator is independent of the earth model and represents the source/receiver configuration. The geometrical operators are essentially frequency-independent weighting functions which act on the electric kernels. Thus, changing the source-receiver geometry only serves to change the 'window' through which we observe the fundamental physics of the interaction of the EM fields with the layered earth. The factored representation of the EM fields is illustrated with examples from surface electrical prospecting methods.
INTRODUCTION
A frequently occurring problem in electromagnetic (EM) modeling is the need to compute the interaction of EM source fields with a set of uniform, horizontal layers. This is a non-trivial, yet reasonably well understood problem, particularly when the EM source is an infinitesimal dipole (e.g. Sommerfeld 1909; Sunde 1949; Dey & Morrison 1973; Weidelt 1975; Wait 1982) . Unfortunately, the simplicity of the interaction of EM fields with a set of horizontal layers is often obscured or goes unrecognized. This is in part due to the complicated numerical techniques used to evaluate the fields and also because there has been little attempt to discuss the physics of EM interactions from the perspective of a generalized source field representation. Because the EM fields are dependent on both the local earth conductivity structure and the source/receiver configuration, it is necessary to understand not only the EM interactions with layers, but also how the source/receiver geometry affects these interactions. The complications introduced by geometry are not severe for simple EM sources such as electric or magnetic dipoles. Even a cursory knowledge of the general characteristics of dipoles is sufficient to predict the basic geometrical configuration of the EM fields. However, it is often not sufficient to represent practical EM sources as elementary dipoles and the complicating effects of $Formerly at the University of Toronto.
source/receiver geometry are magnified when the source is spatially extended or has a complicated shape. One can devote as much effort to understanding the EM fields from different source configurations, as to understanding the basic physical principles of EM propagation in a layered media. This apparent complexity of EM fields in a layered earth is particularly ironical since it is well known theoretically that even the most general 1-D EM problem can be solved in terms of only two scalar variables (e.g. Weaver 1970) .
In this paper we present a factorization of the EM fields from an extended EM source in a 1-D layered earth into two parts. One part is an operator which depends only on the source/receiver configuration and not the layered earth model. The other part is composed of a small set of scalar kernel functions which each depend only on the frequency and the model of the earth's electrical structure. There is some latitude in how the kernels may be defined and we have chosen to define them as measurable field quantities from ideal but conceptually realizable point sources. Within the framework of this factorization, we can illustrate the underlying simplicity of EM fields in a 1-D earth.
Aside from the intuitive appeal of the factorization, there are some practical advantages in adopting this representation. The factorization greatly simplifies the task of deciding what earth information can be obtained from observations of the EM fields, even when the source/receiver geometry is completely unspecified. This makes it suitable for studies involving experimental design and sensitivity analysis. An added benefit is that, in certain situations, the factorization can make the process of computing the EM fields in a layered earth more efficient than more traditional methods.
In the following section, we briefly show how the factorization is set up, and illustrate it with a simple theoretical model study of electroprospecting on the surface of a 1-D earth. We begin by deriving a generalized representation of the EM fields in terms of a modal solution for the electromagnetic fields from an arbitrary dipole source situated in a whole space. This first part of the work follows closely from Chave & Cox (1982) . In Section 3, the modal representation is extended to account stratified media and it is shown how propagator matrices (see, e.g. Kennett 1983 ) can be used to find the modal potentials at any point in a layered earth. The effect of having a spatially extended source instead of the mathematically convenient infinitesimal dipole is considered in Section 4. In Section 5 we use the generalized representation of the EM fields to illustrate the factorization of the EM Green's function, while Sections 6 and 7 present examples of the factored Green's function for electroprospecting.
A MODAL DESCRIPTION OF EM FIELDS
Consider the standard form of Maxwell's equations and a single Fourier component proportional to eiwr,
V -B = O
(1)
V X B -p a E = pJ'.
(3)
E is the electric field, B is the magnetic induction and J' is the applied source current which is assumed to be unaffected by E and B. The electrical properties of the uniform and isotropic medium are represented by the magnetic permeability p and the admittivity (Y = u + i w~, where u is the electrical conductivity and E is the permittivity. For the rest of this development, it is assumed that the spatial variation of these parameters is confined to the z direction. Both cylindrical and Cartesian coordinates will be used in the development, with a common origin and z-axis and with r, x and y in directions parallel to layering.
Our goal is to derive a solution to Maxwell's equations (1)-(3) in terms of two independent modes. The axis of separation for these modes is chosen to be the direction in which the model parameters vary, i.e. the z-axis. The 'Toroidal Magnetic' or TM mode is characterized by current loops in the r-z planes and a toroidal magnetic field (i.e. a solenoidal field which has no z-component). Since the electric currents associated with this mode cut across the changing medium properties, one can expect that TM modes are sensitive to the concentration of charge on conductivity gradients. The 'Poloidal Magnetic' or PM mode consists of current loops lying perpendicular to the z-axis which generate a poloidal magnetic field (i.e. a solenoidal field whose curl has no z-component). PM mode currents are coupled by induction and are sensitive to layers of high conductivity in the medium, rather than to conductivity gradients.
The modal solution to Maxwell's equations can be obtained by employing a standard theorem of vector analysis to decompose any vector field into a combination of three scalar fields (cf. Morse & Feshbach 1953, chapter 13) ,
where 4, I#, and x are eigenfunction solutions of the scalar equations V2@ + k2@ = 0, etc. When this decomposition is applied to the magnetic induction, the fact that B must be solenoidal requires a representation of the form
where Zl obviously represents a scalar potential which generates TM modes and Y is the scalar potential associated with the PM modes. The common Hertz potential separation used by Weaver (1970) , among others, is obtained by replacing Zl with an. In fact, Z l and Y a r e not uniquely determined by this representation until a further constraint is applied (see Backus 1986 , Section 1). In our case, an appropriate constraint is applied when the source current is specified by vertical, horizontally irrotational and divergenceless components,
J'
VhT
where the subscript h refers to the horizontal components, and the functions T and Y must satisfy the Poisson equations (7)
It is important to point out that there are conditions on T and Y (see Backus 1986 , Section 5.2), but these do not usually introduce problems when dealing with controlled sources. From Maxwell's equations (1)-(3) and the vector representations in (5)-(6), we can obtain differential equations for Zl and Y:
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Also, the electric field is
(Y (Y Equations (9) and (10) illustrate the assertions made in the introduction to this section concerning the current distributions which produce the TM and PM modes; namely, that divergenceless horizontally circulating source currents V x (Y2) produce the PM modes, while J: and V,T generate the TM modes.
The next step is to find solutions for n and Y which satisfy the differential equations given above. In particular, we are concerned with point sources which suggests that (9) and (10) may be conveniently solved using the Hankel transform pair, Jo(Ar) is the zeroth order Bessel function of the first kind, r is the horizontal separation and A is the horizontal wavenumber. There is a close relationship between (12) and a 2-D Fourier transform where A 2 = p z + q z . The 1-D Hankel transforms are preferred for problems involving point sources to reduce the numerical effort of transformation to the space domain by exploiting known cylindrical symmetries of the resulting fields. The solutions for point sources will later be integrated to compute the fields from extended sources. Applying the Hankel transform to the governing differential equations yields (14) and where uz = ,I2 + iwpcu, and a tilde denotes a variable in the Hankel transform domain. To solve these differential equations requires a knowledge of the specific source term, and for the purposes of this discussion we shall consider the source to be an arbitrarily oriented electric dipole of moment J = Z(dr', dy', dz') at an arbitrary point in the model. By solving (13) and (14) using the usual variation of parameters method for each source orientation (see Chave & Cox 1982), we find the potential on either side of the source as
and where C is a propagator matrix (see, e.g. Gilbert & Backus 1969; Kennett 1983; Ursin 1983) describing the continuation of the potentials away from the source level, This matrix is based on the fact that the potentials must obey the scalar homogeneous Helmholtz equation everywhere except at the source. Although the concept of propagator matrices is likely to be more familiar to seismologists than workers involved in EM, we employ the technique to keep the expressions for the potentials manageable in the case of complicated layering. The horizontal separation between the receiver (r, @, z) and the source point (r', @', z') is given by the law of cosines Notice that the EM fields in a 1-D earth exhibit translational and rotational invariance, i.e.. only the relative separation and orientation between the source and receiver is important and the absolute horizontal reference position is unnecessary. In fact, the only lateral reference point in a layered earth is at infinity where the potentials must approach zero. We retain the notation in terms of absolute coordinates for later use when considering the effect of spatially distributed sources. Expressions (15) and (16) can be used to find the modal potentials at (r, @, z) in a uniform whole space from a source at (r', @', z'). Although this result is useful, it is not very interesting and we now extend the theory to account for layering in the earth model.
PROPAGATOR MATRICES FOR STRATIFIED MEDIA
Finding the potentials in a stratified space requires relatively simple modifications of the theory outlined in Section 2 in that only the propagator matrices must be changed. To begin, we adopt a right handed coordinate system with the positive z axis directed upwards as shown schematically in Fig. 1 the same side of the source as the receiver with a superscript asterisk (*).
The modal potentials in a stratified halfspace are found by combining the potentials for a source in a whole space in (15)-(16) with solutions of homogeneous forms of the differential equations (13) and (14) in order to satisfy the boundary conditions at interfaces. Essentially, we add to the whole space potential from the source upward and downward 'secondary' potentials whose amplitudes are determined by the property contrasts at boundaries in the media. The net effect is to introduce inward travelling wave components to the outward components (15)-(16) and alter the outward travelling wave amplitudes. A convenient manner of representing the effect is with a reflection ratio, which at any level in the medium is the ratio of the potential which is travelling towards the source (purely reflected potentials) to the potential travelling away from the source (primary and reflected potentials). With this definition and noting that the secondary potentials must propagate unchanged through the source layer, the total potential at the source level can be written in terms of the reflection ratio on either side of the source. The result expressed in the Hankel domain is and where E is infinitesimally small and and If there is no stratification, there can be no reflected potentials and thus the reflection ratios are all zero. In this case, (18) and (19) reduce to unity and the whole space potentials are unaltered by this component of the propagation matrices.
Expressions for the reflection ratios can then be found by translating the boundary conditions on the EM fields to boundary conditions on the modal potentials. The relationship between the ratios defined in adjacent layers for the TM mode is given by where the ith reflection ratio is evaluated at the boundary between the ith -1 and ith layer, ti is the thickness of the ith layer and
The PM mode reflection ratio has an identical form to except that where Pi = impi is the impedivity of the ith layer.
The form of (20) and (21) indicates that reflection ratios can be evaluated recursively. The starting point for the recursion is anywhere beyond the stratification since then there are no subsequent layers to reflect the potential back towards the source and R, =O. Thus a calculation is performed on each side of the source, starting at the terminating halfspace and continuing in to the source horizon until R , and R ; are each known.
Once the total potential at the source level is known, the potentials at some other depth are found by using a propagator matrix similar to that described for the whole space model. The form of this matrix for the ith layer is ci= [ e-u'r' 0 e+"'" O 1 and it describes the phase shift, attenuation and amplification of the outward and inward travelling potentials, respectively. However, this matrix only represents a continuation of the potentials through a homogeneous material, and it is necessary to enforce the boundary conditions at the interfaces by multiplying the continuation matrix by the appropriate boundary condition matrix. These are and when propagating the potentials from the ith to the ith + 1 layer.
The final response matrices for converting the primary source potential at the source level to inward and outward propagating potentials at the receiver level are denoted f and P for the toroidal and poloidal magnetic modes and have the form i = c,nx BE-, x CE-, x . * * x Bf x ef x an. and where the layers containing the source and receiver are designated by the subscripts S and R, respectively. An example is shown in the schematic illustration of Fig. 2 be calculated from "'1
The sum of the outgoing and ingoing modal potentials can be substituted into the definitions of the EM fields (11) and (5) to obtain expressions for the electric field and magnetic where & is a (6 x 5) matrix described in Table 1 . This table contains the matrix 4 for two types of sources, the electric dipole source developed above, and the magnetic dipole source M (i.e. a divergenceless source current). Provided the source is infinitesimally small, altering the theory to account for a magnetic dipole source is relatively simple since the source terms only alter the differential equations (13)- (14) and whole space potentials (15)- (16), but not the propagation matrices. The subscripts S and R in Table 1 refer to the properties of the layers containing the source and receiver, respectively, while the terms p,, and 7, refer to linear combinations of the elements of the propagation matrix P and f, viz.,
Examining Table 1 indicates that once the source orientation is specified, a maximum of only four of these scalar functions are necessary to represent all the components of the EM field. Furthermore, if the source and receiver are on the same horizontal plane this number reduces to two and there is substantial redundancy in how EM field components sample a stratified earth structure.
Notice also that 4 contains all the information about the electrical properties of the layered earth for an arbitrary dipole source excitation and the geometrical variations of the fields are contained in the (1 X 5) matrix of partial differentials. Equation (29) is a complete representation of the EM Green's function multiplied by the source distribution and no approximations or assumptions (other than choosing the specific nature of the dipole source) have been incorporated into the development. Because no quasistatic approximation (e.g. Wait 1982) has been made, this form of the EM fields is equally valid for wave and diffusion problems (assuming a known source current which is unaffected by E and B).
The extension to spatially distributed sources is the conceptually trivial step of integrating the Green's function over the range of the source. Symbolically, this operation is Table 1 . Matrix of the modal potential functions for electric and magnetic dipole sources for an isotropic stratified earth.
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-P R -dy' -p~ -dz' 0 I represented as where the ak', dy' and dz' of the volume integration are embedded in the matrix 4. Equation (30) is very important to electromagnetic modeling methods. For example, one can model the EM fields of any configuration of natural or controlled sources for electrical and electromagnetic sounding of a layered earth. Alternatively, this representation might be used to compute the EM Green's functions used in Integral Equation modeling of scattering features buried in a one-dimensional earth (e.g. Wannamaker & Hohmann 1984) . The only concern in applying these results to different applications is the specific numerical procedures required to solve (30). This is straightforward for diffusion-type problems and where the source region lies on a horizontal plane, or entirely within one layer.
FACTORING THE EM GREEN'S FUNCTION
Now we can begin to examine the completely general representation of the EM Green's functions in a layered earth. In particular, we factor the Green's function into an electrical kernel which is only dependent on the layered earth properties and fundamental nature of the EM source. This kernel is acted on by a geometrical operator which is completely independent of the earth properties. The point in this operation is that the geometrical operator represents much of the complexity of the Green's functions, while the electric kernel is quite easy to understand in terms of simple physics.
Since the partial derivative vector in (30) is a space domain operator, we remove it from the Hankel transform operator. This yields where the superscript T indicates the transpose of the matrix. The effect of this transposition is to write the layered earth solution in terms of a set of integral and differential operators which act on Hankel transforms of the elements of the modal potential matrix 4'. In fact, the integration over the source volume can be combined with the partial differential operator matrix to yield a single geometrical operator vector which is independent of any layered earth parameters. The electric kernel is a function defined in the space domain and contains none of the complicated effects of an arbitrary source volume.
A simplified generic representation of the matrix elements of (31) can be written wthout any loss of generality as where O(x', y') represents a partial derivative operator which acts on the source coordinates, K ( f , 5 ) is an electric kernel dependent on the frequency f, and the source is assumed to be linear, has an extent b -a and is oriented in the 5 direction.
To factor the geometrical operator out of (32), we follow the interpolotory quadrature method (e.g. Engles 1980) and approximate the integrand with a set of basis functions. A general quadrature rule can then be found by integrating the basis functions instead of the original functions.
The electric kernels can be approximated as E(f, t ) with
where the basis functions are denoted by $(& p). The specific form of the basis functions is unimportant, it is only necessary that K(f, 5) be a good approximation to the true electric kernel K ( f , 5). In fact, practical applications of this factorization require that the discrete representation in (33) be used to obtain an approximation to the kernel functions. In our application, we have made use of a piece-wise quintic spline in subintervals which are spaced logarithmically in p for &(e, p ) (Boerner & West 1984) . Other interpolation functions may perform equally well and might prove superior if they resulted in closed-form analytic expressions for W ( p ) .
The basis function representation of the electric kernel in (33) is essentially a mapping of K from an absolute coordinate system (5) to a relative coordinate system ( p ) . In other words, p is only dependent on the distance between the (ideal point) source and receiver and does not contain any information about the absolute position or orientation of the source. Thus, we write
or r-
The resulting expression for the EM field is both translationally and rotationally invariant, as it must be for an earth model which has no lateral boundary conditions (except at infinity). The form of (35) shows that a geometrical operator W ( p ) acts on the electric kernel and represents the effects of the source/receiver geometry. The form of this operator is
This result is also completely general; it is always possible to factor the EM fields at any position in a 1-D earth due to an arbitrary electric or magnetic source into a geometrical operator and an electric kernel. As before, there have been no approximations made and the representation is valid for all frequencies (or times) and any layered earth models. We should remark that there are other possible factorizations of the Green's function which we will not consider in detail. For example, one might logically include the Hankel transform operator as part of the geometrical operator, but the disadvantage of this approach is that the modal potentials are somewhat more difficult to understand in the wavenumber domain than in the space domain. An alternative is to employ Bessel function relationships to define the geometrical operators in terms of sines and cosines instead of differentials. For example,
Either of these approaches might have practical computational advantages but yield results which are generally more complicated than the simple form presented in (31).
ELECTRIC KERNELS FOR CONTROLLED SOURCE S O U N D I N G
The remainder of this paper will be devoted to illustrating the factorization with an example: the relatively simple, but important case of electroprospecting with controlled sources. Consider the EM fields from a long wire source of arbitrary shape (either a closed loop or a wire grounded at both ends) on the surface of 1-D earth. This is a reasonably general source model which can be used to represent many practical EM sources, i.e. for DC resistivity (Grant & West 1965) Table 1 vanish. When the source and receiver are both located at the earth/air interface as shown in Fig. 3 , the propagation matrices reduce to which means that $ = F4 and Pl = and examining Table 1 indicates that only two scalar variables are necessary to represent all the components of the EM fields from a horizontal wire source. Using Table 1 , equation (31) and the transformation to relative coordinates, the electric field component directed parallel to a linear bipole can be written in terms of two electric kernels and (39) where a , = j w~, and Bo=jwpo are the admittivity and impedivity of air, respectively. The kernel in (38) represents a mixing of the two current systems which generate the poloidal and toroidal modes, while (39) results purely from horizontally circulating currents (i.e. toroidal current flow).
Because of the partial derivative in the geometrical operators associated with (38), this term is independent of the path of integration over the source dimensions (and disappears if the path is closed). It is only dependent on the position of the grounding points of the source wire and must be generated by the current 'injected' into the earth. The term in (39) is path dependent and represents the electric field 'induced' by the magnetic field of the source wire. This representation of the electric fields was adopted by early workers (e.g. Sunde 1949) and has remained popular among those involved with theoretical work on grounded sources (e.g. Dey & Morrison 1973; Wait 1982) .
The electric field perpendicular to the source dipole can be written in terms of just the injected electric kernel (38), but with a different geometrical operator than for the Ex field. However, the vertical magnetic induction of a HED can be written solely in terms of a kernel which depends only on the PM modal potential Notice that except for a factor of Po, the induced electric field kernel in (39) has exactly the same form as the vertical magnetic induction kernel. The major difference between the field components arises from a spatial derivative which appears in the B , geometrical operator, but not the electric field operator. In fact, this is just a statement of Faraday's law, i.e.
It is possible to assign a physical interpretation to the electric kernels simply by inspection of the results for a representative layered earth model, for instance, a uniform (isotropic) halfspace within the quasi-static limit (Wait 1982). The scalar propagation terms (Pl and $) for this model are simply Electromagnetic fielcls in a layered earth 537 and on a uniform halfspace is
Except for some constant terms, the injected electric kernel is simply the electric potential observed near a pole current source, and the induced electric field kernel represents the electric field induced parallel to a horizontal electric dipole. The form of the factorization illustrated here is intuitively appealing because these two electric kernels are not simply mathematical abstractions, but rather can be identified as the field components of idealized, yet conceptually realizable, EM sources.
One minor difficulty with this factorization is that the relationships between observable components of the EM field and two fundamental electric kernels are not always simple. One particular example is the B, field component which, from (44), is related to the electric kernel for an induced electric field, and not a magnetic induction. For the sake of presentation, we may consider a slightly different form of (44) in which the B, kernel is the vertical magnetic induction on a line perpendicular to the axis of an infinitesimal horizontal current filament. The electric kernel and geometrical operators are redefined by using the derivative relationships between Bessel functions to write and requires a different geometrical operator than (44). A more physically understandable representation of (46) can be found by expanding the exponential giving
(47)
In (47) the contribution of the frequency-independent primary and frequency-dependent secondary field are explicitly represented by the first and second terms respectively inside the square brackets. This alternate definition of the vertical magnetic induction is a departure from the general expression (31), but is useful for presenting and understanding the nature of B,. However, we reiterate that only two electric kernels are necessary for describing the general 1-D electroprospecting problem, and the B, kernel is only a transformation of the induced electric field kernel.
The electric kernels are functions of frequency f, radial separation p and the 1-D conductivity model a(z) for any arbitrary earth model. In the following, several plots of the amplitude and phase of the electric kernels are presented for various earth models. In each case, the figures consist of radial distance plotted along the abscissa and frequency plotted along the ordinate for one particular layered earth model. Also note the quasistatic approximation has been Because the amplitude of the electric kernels falls off as a power law with radial distance, logarithmic contours are used for the amplitude, while linear intervals are used to plot the phase. There is no phase variation in this kernel, a necessary consequence of causality, because the amplitude is constant in frequency.
The induced electric field kernel for a halfspace, shown in 
Electromagnetic fieldr in a layered earth 539
Faraday's law). At slightly larger frequencies or separations is the near zone in which self induction begins to limit the amount of electric field induced in the earth and the phase of the induced field is rotating towards the phase of the source current. Finally, in the far zone, the frequency independent characteristics of saturation are found (contours which are parallel to the frequency axis). This is the limit in which no further electric field can be induced in the conductive medium by increasing the frequency or distance.
The halfspace vertical magnetic induction kernel is plotted in Fig. 6 . Although this kernel and the induced electric field kernel are similar, the presence of the primary field in the B, kernel is one obvious difference. It is only at large distances and high frequencies that the secondary magnetic field resulting from the induced electric field becomes
Amplitude

10'
dominant over the primary field of the source. The secondary field is described by the halfspace response parameter (opop') so that the effect of increasing the frequency is equivalent to decreasing the square of the separation. Therefore, the contour lines for secondary fields should run from the top left of the (f, p ) domain plots to the bottom right with a slope of negative two. The primary magnetic field has zero phase, i.e. the same phase as the source wire, but the influence of the secondary field rotates the phase to an angle of -n/2.
A further understanding of the electric kernels can be obtained by studying models which contain either a resistive or conductive layer embedded in an otherwise uniform halfspace. For these cases, one would expect the overall shape of the (f, p ) surface to be maintained, but with some distortion of the contours. The injected electric field kernel is plotted in Fig. 7 when the embedded layer is resistive (u = 0. la,,,,, z = 100-150 m, top panels), or conductive ( u = 10uHostr z = 100-150 m, lower panels). Clearly, the presence of the conductivity gradients within the earth has large effect on the injected electric field, particularly in the deviation from zero phase.
There are some obvious trends in Fig. 7 . There is a widening and narrowing of the contour spacing along the axis at low frequency which is representative of the DC resistivity response to the layering. Also, the phase anomaly associated with diffusion through the layering is mostly positive and is largely concentrated in a certain range of distance and frequency. At very high frequencies the fields begin to exhibit the characteristics of the halfspace response.
The behaviour of the injected electric fields for a conductive embedded layer is generally opposite of that Amplitude observed for the resistive layer. The amplitude contour spacing is generally wider than for the halfspace, and the phase response consists of strong positive and negative delays. The different character of these two sets of amplitude and phase plots illustrates the non-linearity of the EM sounding problem. Figure 8 represents the induced electric field for the same cases studied above. As previously, the top panels are for a resistive layer and the bottom panels are for a conductive layer embedded in a conductive halfspace. The effects of resistive and conductive layers are not complementary. The amplitude and phase of the induced electric field are not altered substantially by the presence of a resistive layer.
There is a slight change in the phase, but it is rather small and indicates that the induced component of the fields is not very sensitive to resistive regions. On the other hand, both . 1 . 1 . . 1 . I 1 . 1 1 1 1 . . I 1 . 1 1 1 Fire 9. Contour plot in the (f, p) domain of the amplitude and phase of the vertical magnetic field from a HED source. In the top panels, the earth model is a halfspace with a u = 1 x lO-'S m-' with a resistive layer ( a = 1 x t = 50 m) embedded at a depth of 100 m. In the lower panels, the embedded layer has a conductivity of 1 x lo-' S 6 ' .
Contour intervals for the amplitude plots are log,, with an increment of 0.7, while the phase contours have linear increments of 0.1 radians. (Dashed lines represent negative contours, while solid lines are positive.) the amplitude and phase are substantially altered by the presence of a conductive layer. The amplitude is distorted in a similar fashion to the amplitude for the injected field, and a definite delay is introduced into the phase (the negative indicated by the dashed line).
The vertical magnetic induction for each of the layered earth models is shown in Fig. 9 . Because the vertical magnetic induction and the induced electric field are directly related, B, is also insensitive to the presence of a resistive thin layer, but is sensitive to conductive layers.
The few examples presented illustrate the general form of the (f, p ) domain response of any layered earth.
Furthermore, the plots presented are suitable for discussions involving any type of EM source and show very clearly the basic characteristics of low frequency EM field propagation observable on the surface of a layered earth.
GEOMETRICAL OPERATORS FOR CONTROLLED SOURCE EM SOUNDING
In this section, we introduce the properties of the geometrical operators, again for the chosen example of 1-D EM sounding. The role of the geometrical operators is to modify the electric kernels to account for the geometry of the selected source and receiver. In Section 4 we showed that the geometrical operators are simply weighting functions which determine the contribution to the observed fields from the electric kernel at each radial distance.
Changing survey geometry only serves to change the weighting function and introduces no new information about the layered earth beyond what was available in the kernel function (which is an idealized dipole-dipole sounding covering an infinite range of separations). The following examples also illustrate the interpolatory quadrature procedure of computing these operators for some electroprospecting methods.
Consider the schematic diagram shown in Fig. 10 where the EM fields are integrated over the linear source bipole (AB) and receiver dipole (ab). The electromotance which is observed along ds on a layered earth in this particular configuration is dEP = h ( E , cos cp + Ey sin cp).
(48)
For an arbitrary function, w , of x and y, we can write and d2w dsak' ---a,w cos cp + a,w sin p.
Therefore, the electromotance observed at the receiver bipole due to the current I in the source bipole (on a layered earth) is By approximating the electric kernels (the quantities in square brackets) as described in (33)-(39, the electromotance from a grounded bipole source is simply By inspection of the above integrals, it is apparent that there are two different types of geometrical operators, each of which have radically different properties. One geometrical operator is an endpoint operator, consisting of a set of four delta functions, where S(p -pa) is a Dirac delta function at pa. This operator selectively samples the (f, p ) domain at p values determined by the source and receiver endpoints and is specific to the injected electric field. There is a 'differencing' of the electric kernel at some radial distance based on the signs of the poles and the source-receiver offset. The other type is a path dependent operator which represents the integration of HED sources distributed along the wire, (56) is
where po is the separation between the dipole source and the receiver, 8 is the angle between the direction of the source and the receiver station. To determine the B, field produced by this type of source, one simply applies the operator expressed in (57) to the radius axis of the (f, p ) domain plots. Thus, for this type of operator, the radial electric kernel spectrum is sampled only at p = po and the sampled value is weighted by sin 8. If the entire frequency spectrum is desired at a given receiver station, the same geometrical operator is applied to the radial axis of the electric kernel at every frequency.
As a more complicated example, consider the path dependent operator shown in Fig. 11 for a linear bipole source extending from 0 to 1OOOm along the x axis and a receiver located at (300,100) m. This operator was computed by evaluating the integral in (56) numerically and can be understood as the effect of having a continuous set of HED situated along the source wire. Thus, every radial separation between the minimum and maximum distance from an individual dipole to the receiver contributes to the geometrical operator. Because of the geometrical attenuation of EM fields implicit in the electric kernels, the initial terms in the operator are generally more important in determining the amplitude of the extended source fields than the terms at larger p.
Obviously, the form of the integrating geometrical operator is strongly dependent on the source-receiver configuration. However, qualitative information about the response of the EM fields from an extended source can be obtained simply by observing the nature of the electric kernel which lies in the 'pass-band' of the geometrical operator. For example, one can determine if the phase delay introduced by a conductive layer might appear in Consequently, the principle action of this operator is to locally average the radial electric kernels.
The vertical magnetic induction is written solely in terms of a path dependent geometrical operator, (55) where the required operator is when the magnetic field sensor has no appreciable length. Notice that the geometrical operators are valid for operations in the frequency domain (on real and imaginary components), or time domain.
The geometrical operators describe the 'weighting' given to the electric kernels at various radial positions by the integration and differentiation operators in (30). A geometrical operator is specific to a given source/receiver configuration, and to particular components of the EM fields (i.e. each component of the fields has different geometrical operators). The method of calculating the operators was originally developed as an efficient technique for calculating the fields of an extended source by computing and then storing the geometrical operator for repeated use (Boerner & West 1984) . A useful feature of the path dependent geometrical operators is that in diffusive problems, most can be characterized by 10 to 15 terms spaced logarithmically in p, making computation of EM fields with these operators extremely efficient.
To illustrate the properties of the path dependent geometrical operator, consider an EM source consisting of a horizontal electric dipole. In this trivial example, the geometrical operator for the vertical magnetic field from Path Dependent Geometrical Operator measurements at a specific point near an extended source simply by computing the bandwidth of the operator and ensuring the geometrical term weighting the operator is not zero at the measurement point. For B,, this would involve ensuring that 8 # 0 or II for all dr in (56).
When the source has a complicated shape, the geometrical operator is the sum of the operators for each linear segment of the extended source (with due regard for the direction of current flow in each wire segment). The path dependent operator of an ungrounded loop appears in Fig. 12 for comparison to Fig. 11 . There are both positive and negative components of the operator representing segments of the source wire carrying current in different directions relative to the receiver station. Clearly, complicated source/receiver configurations are conveniently represented in terms of geometrical operators.
The endpoint operator applicable to the source/receiver configuration in Fig. 11 appears in Fig. 13 when the receiver is parallel to the source. This operator consists of four delta functions which sample the (f, p ) domain injected electric fields. As with the path dependent operator, the geometrical attenuation of the fields is not included, so that relative importance of the operator decreases with an increase in radial separation. The difference between the endpoint and path dependent geometrical operators is quite dramatic. The endpoint operator exhibits no averaging of the (f, p ) domain kernel functions, but rather is almost a differentiation at two radial separations.
With this simple introduction to the geometrical operators of the EM sounding problem, the information concerning layered earths which can be obtained from different electrical survey methods can be easily compared.
DC Resktiuig:
only samples the injected electric field kernel (e.g. Fig. 4 here. Grounded Sources: the electric fields are a combination of the induced and injected electric kernels and therefore represent samples of both modes of current flow.
As with inductive sources, there is no restriction on the measurement frequency band.
Inductiue Sources:
The differences between the many practical electroprospecting techniques lie entirely in the manner in which the two different electric kernels are sampled. It would be completely correct in thinking of the survey configuration as a 'window' through which one can observe the interaction of the EM fields with the layered earth. information is obtained about the nature of the interaction of the EM fields with the stratification.
CONCLUSION
In this paper, we have presented a description of the modal representation of Maxwell's equations for the EM fields in a layered earth. The purpose was to illustrate the underlying simplicity of the complicated stratified earth Green's functions and to present a generalized representation of all EM methods for layered earths. We have introduced the concept of factoring the EM Green's functions for a layered earth into electric kernels and geometrical operators. The factorization was applied to the specific problem of EM sounding in order to generalize the representation of some surface electroprospecting techniques and clarify the relevant physics. It was demonstrated that two scalar kernel functions are sufficient to describe the electric kernels of the halfspace sounding problem, a notion consistent with the theoretical development in terms of toroidal and poloidal magnetic modes. The kernels used in this particular description of the electric kernel are not pure representations of the fundamental modes of current flow in a layered earth but rather, were chosen to be meaningful in terms of the fields from realizable EM sources.
The geometrical component of the 1D EM problem consists of a set of operators which act on the electric kernels. To explain the geometrical component, we have described the geometrical operators as frequency independent radial 'weighting' functions which act on the (f, p) domain electric kernels. Thus, one can understand how the EM fields of the electric kernels are measured from complicated (even arbitrary) source/receiver configurations simply by computing the geometrical operators.
Factorization of the EM Green's functions into geometrical and electrical parts was developed principally as a simple conceptual model for understanding the basic physics behind EM prospecting. However, the method also has some practical advantages in computer modeling of complicated sources which can generally be represented by a single geometrical operator. Because the geometrical and electrical components are independent, one can change either the earth model or survey configuration without recomputing the complete geoelectric model. The speed advantages have important ramifications in iterative linear inverse methods where many repetitive calculations are performed. The notion of combining the various operators in (31) deserves more study from a numerical modeling standpoint. At this time, it is not clear to us exactly which operators should be combined to produce the most efficient method of evaluating the EM Green's functions. Including the Hankel transform operator in the geometrical operator improves computational efficiency for some models. However, much of the complexity of the EM Green's functions is manifest in the geometrical operators, and not in the electric kernels.
The factorization has the advantage of making it possible to study electrical prospecting of a particular earth model without having to explicitly consider the survey geometry. It provides an efficient way to study the sensitivity and depth penetration of various EM methods and this is the subject of a future paper.
Finally, we would like to stress that the problem used to illustrate the geometrical/electrical factorization is only one example of the method. The factorization is valid for arbitrary EM source configurations and hence the method is not restricted to surface electroprospecting. For example, one might study the electric and geometrical parts of the Green's functions in a layered earth which represent the most complicated and computationally expensive part of standard integral equation modeling (West & Edwards 1985) . This should provide insight into the nature of the EM fields observed at the surface and might suggest improved computational techniques for modeling two and three dimensional conductivity distributions.
West, G. F. L Edwards, R. N., 1985 . A simple parametric model for the electro magnetic response of an anomalous body in a host medium, Geophysics, 50, 2542-2557.
APPENDIX EM Fields in a general anisotropic layered eartb
A very useful extension to the theory outlined in this paper is to consider transversely isotropic media (see, e.g. Wait Thus, the horizontal admittivity may be different than the vertical admittivity. The development of the modal potentials and EM fields in this type of media is much more involved than the theory presented here but contains the same essential elements (see the discussion by Nobes 1984) . Rather than present a complete theoretical exposition, we simply quote the changes to the theory presented in this paper which are required to represent the EM fields in an anisotropic media. First, the coefficient of anisotropy is defined to be and it is found that u = dK2A2 -+ describes the vertical continuation operator for the TM potential in the transversely isotropic media. Therefore the continuation operator for this mode is simply
The boundary conditions at layer interfaces must be modified to account for the anisotropic case and therefore yield a new definition of the reflection ratio and the boundary condition matrix elements X y and py. 
ZF(R;
where Thus the changes introduced by anisotropic model alter the continuation operator and boundary conditions of the TM modal potential. The other change enters in the actual differential equations governing the modal potentials, and this is reflected in Table 2 which gives the matrix 4 for a transversely isotropic media. Notice that all expressions presented in this Appendix reduce to the isotropic case when a" = ffh = (Y so that K 2 = 1 and u = u. Also, one should expect that fields generated by horizonal circulations of current (PM mode) should be unaffected by transverse isotropy, which is indeed the case. 
